In this short note we analyze canonical description of T-duality along light-like isometry. We show that T-duality of relativistic string theory on this background leads to non-relativistic string theory action on T-dual background.
Introduction and Summary
It is well known that two string theories, one defined on the background with compact dimension of radius R, and the second one defined on background with compact dimension of radius R ′ = α ′ R , are equivalent. This duality has its origin in the extended nature of the string when we can exchange momentum with winding numbers, respectively. The most powerful description of such a duality is given in terms of Buscher's rules [1, 2] of the transformations of the background fields under T-duality. More explicitly, we start with string sigma model on the background where the background metric possesses one isometry. Then we gauge this isometry so that this is now local symmetry on the string world-sheet when we introduce corresponding covariant derivative and two dimensional gauge field. Since this gauge field has to be non-dynamical in order not to change physical content of the theory we add to the action term that ensures that the field strength of this gauge field is zero on shell. As the next step we fix the gauge when we take the world-sheet mode that parameterizes direction with gauged isometry to be zero. Then we can solve the flatness of the gauge field by introducing a new scalar mode that parameterizes the string propagating along dual coordinate where now the background fields are related to the original ones through Buscher's rules.
There is an alternative approach to this standard treatment of T-duality which is description of T-duality with the help of canonical transformations [3, 4] . This procedure is based on the Hamiltonian form of string in the background that possesses an isometry. Then we perform specific canonical transformations of the world-sheet mode and its conjugate momenta that correspond to coordinate along this isometry. As a result we obtain a new Hamiltonian for dual theory. Finally we perform inverse Legendre transformations to T-dual Lagrangian with the background fields again determined by Buscher's rules.
While this procedure is well established for space-like isometry the case of light-like isometry is much less known and analyzed. The aim of this short note is to focus on this problem, inspired by recent analysis of T-duality in the context of non-relativistic string theories [5, 6] , where non-relativistic strings were firstly introduced in seminal papers [7, 8] 1 . In fact, as we will show explicitly in the next section, the canonical analysis of T-duality for string with light-like isometry leads to T-dual action where the kinetic term for dual coordinate is missing. Then in order to solve this problem we introduce two auxiliary fields λ + and λ − in such a way that the original Lagrangian is quadratic in coordinate that we dualize. However we still have to ensure that solving equations of motion for λ + , λ − we return to the original Lagrangian density. When we have an extended Lagrangian density we can find its Hamiltonian form and then we perform canonical transformation corresponding T-duality along original light-like coordinate. From this T-dual Hamiltonian we derive corresponding Lagrangian density and we find that the background fields transform according to Buscher's rules. The most remarkable fact considering T-dual Lagrangian density is that it is linear in auxiliary fields λ + , λ − that is characteristic property of non-relativistic string theory action [7, 5, 10] . To see this in more details we solve the equations of motion for λ + , λ − that imply that Lagrangian density has the form of non-relativistic string with specific induced world-sheet metric. Clearly for the form of background that was studied in [5, 6] the non-relativistic string corresponds to string in stringy Newton-Cartan background.
We mean that this result is very interesting since it shows that string theory on the background with light-like isometry is T-dual to specific form of non-relativistic string. This could be very useful for the quantum description of string theory on the background with light-like isometry, following recent interesting paper [7] . It would be also very interesting to extend the canonical analysis of T-duality transformation presented in this paper to the case of Green-Schwarz superstring. We hope to return to this problem in future.
This paper is organized as follows. In the next section (2) we review canonical treatment of T-duality and we show difficulty with its application on the case of string in the background with light-like isometry. Then in section (3) we perform T-duality transformation in case of the extended action and we show that it leads to non-relativistic string in T-dual background.
T-duality in Canonical Formalism
In this section we review basic facts about T-duality as a canonical transformations, following [3, 4] . Let us be more concrete with the definition of the canonical formalism in case of the bosonic string. We have two sets of canonical variables: p µ , x µ where µ, ν = 0, . . . , 25 and their duals:p µ ,x µ where we demand that both canonical variables give equivalent equations of motions. In other words we demand that the string action can be written in two equivalent ways
where G is generating function of canonical transformations and where we label worldsheet of the string with two coordinates τ and σ. It is well known that there are four possible forms of the generating function that differ in dependence on two sets of canonical variables. In our case we presume that they depend on original and dual variables, in other words G = G(x,x). We presume that G = dσG and hence we can write
so that comparing we obtain relation
This is general form of canonical transformation for bosonic string. In case of T-duality transformation we presume that G does not explicitly depend on τ . Further, we perform canonical transformation with respect to one coordinate, say x 25 ≡ y that labels isometry direction. In this case the generating function has the form [3, 4]
where T = 1 2πα ′ is string tension. Let us denote momentum conjugate toỹ as pỹ. Then from the definition of the canonical transformations we derive following relation betweeñ y and pỹ in the form
With the help of these relations we obtain dual Hamiltonian when we replace ∂ σ y with − 1 T pỹ and p y with −T ∂ σ y. Let us now be more explicit and consider Polyakov string action in background with light-like isometry along y direction which means that all background fields do not depend on y explicitly and also that the metric component G yy is absent. Then the Lagrangian has the form
where ǫ αβ = −ǫ βα , ǫ τ σ = 1 and where i, j = 0, . . . , 24. Let us introduce following 1 + 1 parameterization of the world-sheet metric γ αβ as
so that the Lagrangian has the form
From (2.8) we obtain conjugate momenta 9) where p N , p ω , p N σ are momenta conjugate to N, ω and N σ , respectively. Then performing standard analysis we obtain the Hamiltonian density in the form
where π µ = p µ + T B µν ∂ σ x ν and where the inverse metric G µν has following form
whereG ij is metric inverse to G ij so thatG ik G kl = δ i l . From (2.10) we also see that it is convenient to introduce
√ ω so that ω disappears from the Hamiltonian as expected.
Then following previous general discussion we perform T-duality in (2.10) when
so that
Inserting these results into (2.10) we obtain T-dual Hamiltonian constraint in the form
(2.14)
We see that for zero NSNS two form the Hamiltonian constraint is linear in pỹ which suggests possible difficulties with this theory. This can be also seen even in case of nonzero B µν when we determine corresponding Lagrangian. In fact, using (2.14) in the T-dual
we obtain time derivatives of x i andỹ as
and hence we find
which means that there is no relation between ∂ τỹ and conjugate momenta. In fact, if we proceed further we obtain naive T-dual Lagrangian density in the form
and we see that the kinetic term for T-dual variableỹ is absent which is not satisfactory result. In the next section we will try to resolve this puzzle by introducing two auxiliary fields.
Extended Lagrangian and T-duality
In order to resolve this puzzle let us introduce an equivalent form of the Lagrangian density to the original one (2.8). To do this we introduce two auxiliary fields λ + and λ − and consider following Lagrangian density
where now we have to choose A and B in such a way to ensure thatĜỹỹ = 0 after solving equations of motion for λ + and λ − . Explicitly, from (3.1) we find their equations of motion in the form
Inserting these results into (3.1) we obtain that they give following contribution to the Lagrangian density
As the next step we presume that A and B have the form
For simplicity we begin with our analysis with the minimal case when A i = B i = 0.
Minimal Case
First of all we should demand that when we solve the equations of motion for λ + , λ − the Lagrangian (3.1) with additional contribution given in (3.5) reduces to the original one with G yy = 0. This condition implieŝ
that can be solved as Y + = Ĝ yy , Y − = − Ĝ yy . In this case (3.5) is equal to
Inserting this result into (3.1) and comparing with (2.8) we obtain following relation between original metric and NSNS two form fields and hatted ones:
Now we return to (3.1) that for A i = B i = 0 has the form
As the next step we proceed to the canonical formalism. From Lagrangian density given above we obtain
and hence Hamiltonian density has the form 3.12) and introducing
we can rewrite the Hamiltonian density into the form
where
(3.14)
Now we are ready to proceed to T-duality transformation that, according to the general discussion presented in previous section, is given by following transformations
Inserting this result into (3.14) we obtain T-dual Hamiltonian constraint in the form
As the next step we derive corresponding Lagrangian density. With the help of Hamiltonian
we obtain following equations of motion
Now we see that we can express pỹ from the last expression as
To proceed further we have to introduce metric inverse toĜ ij . It is easy to see that it has the formG
Then we find
and hence after some calculations we obtain T-dual Lagrangian density in the form
where g
and where
that are standard Buscher's rules [1, 2] . However the crucial point of the T-dual Lagrangian is an absence of the term proportional toλ +λ− since Y + Y − = −Ĝ yy from definition. In fact, let us introduce more compact notation 27) so that the Lagrangian density can be written as
Now the equation of motion forλ + ,λ − implies
We can solve these equations as follow. We multiply the first equation with ∂ σx ν B ′ ν and the second one with ∂ σx ν A ′ ν and sum so that we obtain
where explicitly we have
Further, if we multiply two equations given in (3.29) together we obtain
and hence final Lagrangian density has the form of non-relativistic string action
where M αβ is matrix inverse to M αβ so that M αβ M βγ = δ α β . This is very interesting result that shows that T-dual of the string in the background with light-like isometry is non-relativistic string in dual background. In the next section we will study this problem for more general form of terms proportional to Lagrange multipliers.
The case of non-zero A i , B i
Now we return to the case when A i and B i are not equal to zero. Recall that extended Lagrangian density has the form
(3.35)
In order to find relation with the original Lagrangian in the background with light-like isometry let us solve the equations of motions λ + and λ − and insert the results into (3.34).
Explicitly we find that the contribution is equal to
First of all we demand thatĜ
that can be again solved as Y + = Ĝ yy , Y − = − Ĝ yy . Further, since the mixed terms ∇ n y∂ σ x j should be zero we have to demand that (since
Then we obtain
that implies following relation between components of original and hatted metrics and NSNS two formŝ
For further purposes we introduce notation
(3.41)
Now we are ready to proceed to the Hamiltonian formulation of the Lagrangian density (3.34) when we have following conjugate momenta
Then performing the same analysis as in previous section we obtain Hamiltonian density in the form
Performing the same T-duality transformation as in previous section we obtain T-dual Hamiltonian
(3.45)
As the next step we again determine corresponding Lagrangian density using equations of motion for x i ,ỹ. Since the analysis is completely the same as in previous section we write the final result and where g ′ µν was given in (3.25) and the background fields in (3.26). As the final step we solve the equations of motion forλ + ,λ − and we obtain final form of the Lagrangian density for T-dual theory
where We see that the presence of the more general form of A µ , B µ only affects the form of the matrix M µν . On the other hand since A i are determined by the equation (3.40) and the choice of the metric componentsĜ iy we see that it is more convenient to consider minimal case when A i = 0. Let us outline our results. We analyzed T-duality of relativistic string along light-like isometry and we argued that T-dual theory has the form of non-relativistic string action on T-dual background.
